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In this paper, we study the structure of quasi-invariant subspaces of analytic
Hilbert spaces over the complex plane. We especially investigate when two quasi-
invariant subspaces are similar or unitarily equivalent for an analytic Hilbert space
over the complex plane.  2002 Elsevier Science (USA)
1. INTRODUCTION
Recall that the Hardy space H2 over the open unit disk  is the
closed subspace of L2 spanned by the non-negative powers of the coor-
dinate function z. If M is a (closed) subspace of H2 that is invariant
for the multiplication operator Mz, then Beurling’s theorem says that there
exists an inner function η such that M = ηH2. Beurling’s theorem has
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played an important role in operator theory, function theory, and their
intersection, function-theoretic operator theory. However, despite the great
development in these ﬁelds over the past 50 years, we do not have a
better understanding of invariant subspace lattices of function spaces for
the coordinate functions. Hence our attention is directed to investigating
equivalence classes of invariant subspaces of function spaces under some
kind of equivalence relation: Let  be a bounded domain in n, and let
H be a Hilbert space consisting of analytic functions in  such that for
each polynomial p and each h ∈ H, ph ∈ H. If M is a closed subspace
of H such that pM ⊆ M for every polynomial p, we call M an invari-
ant subspace of the function space H. Two invariant subspaces M1 and M2
are called similar (unitarily equivalent) if there exists a bounded invertible
operator (a unitary operator) A M1 → M2 such that Aph = pAh for
any polynomial p and h ∈M1.
Along this line Axler, Agrawal, Bourdon, Douglas, Guo, Paulsen, Puti-
nar, Salinas, and others have done a lot of work; see [AB, AS, ACD, DP,
DPSY, Guo1–Guo3, Pu, Ric] and the references there. The extension of
some of the above results to the Fock space, the function space over the
n-dimensional complex space n, was ﬁrst considered by Guo and Zheng
[GZh] recently.
Let Hol denote the ring of all the entire functions on the complex
plane , and let X be a Hilbert space contained in Hol. We call X an
analytic Hilbert space over  if X satisﬁes:
1. the polynomial ring  is dense in X;
2. the evaluation linear functional Eλf  = f λ is continuous on X
for each λ ∈ .
The basic example is the well-known Fock space L2a over the complex
plane. Analytic Hilbert spaces are important because of the relationship
between the operator theory on it and the Weyl quantization [Cob].
By using the characteristic space theory developed in [Guo1], Guo and
Zheng [GZh] investigated the structure of quasi-invariant subspaces of the
Fock space. In particular, they characterized when two quasi-invariant sub-
spaces are similar or unitarily equivalent for the Fock space.
For an analytic Hilbert space X over , as we show in the present paper,
there exists no nontrivial invariant subspace for the coordinate function.
This means that if zM ⊆ M for a closed subspace M of X, then nec-
essarily M = 	0
. This is completely different from the case of function
Hilbert spaces on a bounded domain. Thus, an appropriate substitute for
the invariant subspace, the so-called quasi-invariant subspace, is needed.
Let X0 = 	f ∈ X  zf ∈ X
. Then X0 is a dense subspace of X. Let M be
a closed subspace of the analytic Hilbert space X, and let X0 ∩M be dense
in M . For such an M , we say that M is quasi-invariant for the coordinate
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function if zM ∩X ⊂ M . Hence the multiplication by z is densely deﬁned
onM . Especially, when the analytic Hilbert space inner product comes from
a measure, the multiplication by z is unbounded subnormal. Along this line,
there are a number of references on a more general theory of unbounded
subnormal operators (see [SS1, SS2, SS3] for more in this direction). The
authors are deeply grateful to the referee for pointing out the connection
between the present work and the unbounded subnormal operator theory
and for useful advice.
The purpose of the present paper is to study the structure of quasi-
invariant subspaces of analytic Hilbert spaces. In Section 2 we develop
some basic properties of analytic Hilbert spaces over the complex plane.
In Section 3 we prove that if two ﬁnite codimensional quasi-invariant sub-
spaces are similar, then they have the same codimension. Furthermore,
we give an example to show that there is an analytic Hilbert space which
has two quasi-invariant subspaces of the same codimension which are not
similar. However, for an ordered analytic Hilbert space, two ﬁnite codi-
mensional quasi-invariant subspaces are similar if and only if they have the
same codimension. For an analytic Hilbert space with an orthonormal basis
	zn/zn
, in Section 4 it is shown that if a quasi-invariant subspace is uni-
tarily equivalent to a ﬁnite codimensional quasi-invariant subspace, then
they are necessarily equal.
2. SOME BASIC PROPERTIES OF ANALYTIC
HILBERT SPACES OVER THE COMPLEX PLANE
In this section we develop some basic properties of analytic Hilbert spaces
over the complex plane which will be used in the following sections.
Let X be an analytic Hilbert space over the complex plane . For each
λ ∈ , we let Kλ be a reproducing kernel of X at λ and kλ be the normal-
ized reproducing kernel. This means that for every f ∈ X, we have
f λ = fKλ
Proposition 2.1. For each f ∈ X, we have
lim
λ→∞
f kλ = 0
that is, kλ converges weakly to zero as λ → ∞.
Proof. Since the polynomial ring  is dense in X, we will complete the
proof by verifying that for each polynomial p,
lim
λ→∞
pkλ = 0
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In fact, note the equalities
Kλ = sup
f=1
fKλ = sup
f=1
f λ
Taking f = zn/zn, the above equality implies that
Kλ ≥ λn/zn
for each positive integer n. Now for any polynomial p, since
pkλ =
1
Kλ
pKλ =
1
Kλ
pλ
combining this with a previous inequality gives
lim
λ→∞
pkλ = 0
for each polynomial p. This ensures the desired conclusion.
For a closed subspace M of X, we let KMλ be the reproducing kernel
function of M .
Corollary 2.2. If M is of ﬁnite codimension, then
lim
λ→∞
KMλ 
Kλ
= 1
Proof. Let f1 f2     fn be an orthonormal basis of M⊥ = X M . It is
easy to check that the reproducing kernel function KM
⊥
λ is given by
K
M⊥
λ z =
n∑
k=1
fkλfkz
So,
KM⊥λ 2 =
n∑
k=1
fkλ2
Since ∑n
k=1 fkλ2
Kλ2
=
n∑
k=1
fkKλ/Kλ2 =
n∑
k=1
fk kλ2
Proposition 2.1 thus implies
lim
λ→∞
KM⊥λ 
Kλ
= 0
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Since
KMλ 2 = Kλ2 − KM
⊥
λ 2
this gives
lim
λ→∞
KMλ 
Kλ
= 1
Example 2.3. Let H be a Hilbert space consisting of entire functions.
If H has the orthonormal basis 	zn/zn  n = 0 1 2   
, then H is an
analytic Hilbert space over .
In fact, note that f z =∑∞n=1 1nzn/zn ∈ H, and hence f is an entire
function. From the formula of the radius of convergence of a power series,
we immediately obtain
lim
n→∞
n
√
zn = ∞
So, for each λ ∈ , there exists a natural number N such that
n
√
zn ≥ 2λ
if n ≥ N . Now let g =∑∞n=0 anzn/zn be in H. Then
gλ ≤
N∑
n=0
an
λn
zn +
∞∑
n=N+1
an
λn
zn
≤
N∑
n=0
an
λn
zn +
( ∞∑
n=N+1
an2
) 1
2
( ∞∑
n=N+1
λ2n
zn2
) 1
2
≤
N∑
n=0
an
λn
zn + g
Note that
an = g zn/zn ⇒ an ≤ g
for n = 0 1    N . Combining this with previous inequalities implies that
there is some positive constant c depending only on λ such that
gλ ≤ cg for each g ∈ H
This means that the evaluation linear functional Eλf  = f λ is continuous
on H for each λ ∈ . Obviously, the polynomial ring  is dense in H. We
thus conclude that H is an analytic Hilbert space over the complex plane .
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Remark 2.4. From the proof of the above example, we see that if H is
an analytic Hilbert space over  with the orthonormal basis 	zn/zn  n =
0 1   
, then
lim
n→∞
n
√
zn = ∞
Now let 	γn
∞n=0 be a sequence of positive numbers, and, let n
√
γn →∞ as
n→∞. We set
zn = γn n = 0 1   
Then under the orthonormal basis 	zn/γn  n = 0 1   
, the completion
H of the polynomial ring  is an analytic Hilbert space over the complex
plane. In fact, if f z = ∑∞n=0 anzn/γn ∈ H, then by the formula of the
radius of convergence of a power series, we see that
1
R
= lim n
√
an
γn
= 0
So, R = ∞. This says that f z is an entire function, and hence H consists
of entire functions. Example 2.3 thus implies that such an H is an analytic
Hilbert space over the complex plane.
We note that there exists a natural partial order on the ring of all entire
functions over . Let f g be two entire functions over ; we say f  g if
there exist positive constants r and M such that
f z
gz ≤M whenever z ≥ r
The next proposition characterizes the partial order on the ring of all entire
functions, and it will be used several times in this paper.
Proposition 2.5. Let f and g be in HolC. Then f  g if and only if
there exist polynomials p and q with degp ≤ deg q such that
f
g
= p
q

where “deg” denotes the degree of the polynomial.
Proof. “⇒” Without loss of generality, we may assume that f and g
have no common zeros. Let r,M > 0 be positive constants such that f z
gz ≤
M if z > r. Then the function f z/gz is analytic on 	z ∈   z > r
.
Now let λ1     λn be zeros of g in 	z ∈   z ≤ r
 with corresponding
degrees k1     kn. It follows that φz = z−λ1k1 · · · z−λnknf z/gz
is an entire function on . Hence we have
φz ≤Mz − λ1k1 · · · z − λnkn 
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if z > r. Let m = k1 + · · · + kn. Then there exist positive constants r ′ and
M ′ such that
φz
zm ≤M
′
for z > r ′. Write
φz = a0 + a1z + · · · + an−1zm−1 + zmh
where h is an entire function. From the above inequality, we see that h
is bounded. Liouville’s theorem implies that h is a constant, and hence
φz is a polynomial. Set p = φ, and q = z − λ1k1 · · · z − λnkn . Then
degp ≤ deg q, and we have
f z
gz =
pz
qz 
This gives the desired conclusion.
The opposite direction is obvious, completing the proof.
For an analytic Hilbert space X over , we say that X is an ordered
analytic Hilbert space (or an analytic Hilbert space with order) if g ∈ X,
and if f  g, then f ∈ X. It is easy to see that the Fock space L2a is an
ordered analytic Hilbert space.
Proposition 2.6. Let X be an analytic Hilbert space over . Then X is
an ordered analytic Hilbert space if and only if for any polynomial p and an
entire function f , the relation pf ∈ X implies f ∈ X.
Proof. First assume that the relation pf ∈ X implies f ∈ X for any
polynomial p and whole function f . Let f  g and g ∈ X. Then, by Propo-
sition 2.5, there exist polynomials p1 and p2, which satisfy degp1 ≤ degp2,
with no common zeros, such that
f
p1
= g
p2

Set h = f/p1. Then h is an entire function. Since g = p2h, the assumption
implies that zlh ∈ X, where l = 0 1 2     degp2. Note that f = p1h and
degp1 ≤ degp2. One thus obtains f = p1h ∈ X.
Conversely, suppose that X is an ordered analytic Hilbert space and that
pf ∈ X, where p is a polynomial and f is an entire function. Applying
Proposition 2.5 gives
f  pf
and hence f ∈ X.
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The next example shows that there exist analytic Hilbert spaces over 
without order.
Example 2.7. We set 1 = 1, z2n = √2n− 2!, and z2n+1 =√2n+ 1! for n = 1 2    Then, by Example 2.3, the Hilbert space H
with the orthonormal basis 	zn/zn
 is an analytic Hilbert space over
. However, H has no order. In fact, it is easy to check that the func-
tion
∑∞
n=11/n2z2n+1/z2n is an entire function, and z
∑∞
n=11/n2×
z2n+1/z2n ∈ H. But ∑∞n=11/n2z2n+1/z2n ∈ H. Applying Proposi-
tion 2.6, one sees that H is not ordered.
3. SIMILARITY OF QUASI-INVARIANT SUBSPACES
As in the case of the Fock space [GZh], by using Liouville’s theorem one
can show
Proposition 3.1. Let X be an analytic Hilbert space over  and let M =
	0
 be a (closed) subspace of X. If f is an entire function on  such that
fM ⊂M , then f is a constant.
Proof. In fact, by the assumption and the closed graph theorem, it is
easy to see that the multiplication by f on M , denoted by Mf , is a bounded
operator. Let KMλ be the reproducing kernel associated with M and k
M
λ
the normalized reproducing kernel. Since〈
Mfk
M
λ  k
M
λ
〉
= f λ
〈
k
M
λ  k
M
λ
〉
= f λ
one sees that
f λ ≤ Mf
for any λ ∈ . This means that f is a bounded entire function, and hence
f is a constant.
By Proposition 3.1, there are no nontrivial invariant subspaces for the
coordinate function. Thus, as in the case of the Fock space [GZh], we
introduce the conception of a quasi-invariant subspace for analytic Hilbert
spaces. For the analytic Hilbert space X, let X0 = 	f ∈ X  zf ∈ X
.
Then X0 is a dense subspace of X because X0 contains all polynomials.
Let M be a (closed) subspace of X such that X0 ∩M is dense in M . For
such an M , we say that M is quasi-invariant for the coordinate function
if zM ∩ X ⊂ M . If f ∈ X, we write  f ! for the quasi-invariant subspace
generated by f ; that is,  f ! is the intersection of all quasi-invariant sub-
spaces containing f . The simplest quasi-invariant subspaces are those of
ﬁnite codimension. Below we will exactly describe the structure of these
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quasi-invariant subspaces. First note that on the complex plane , every
nonzero ideal I of the polynomial ring  is principal; that is, there is a
polynomial p such that I = p. It follows that each nonzero ideal I = p
is of ﬁnite codimension, and its codimension codim I = dim/ = degp.
As in the case of the Fock space L2a in [GZh], ﬁnite co-dimensional
quasi-invariant subspaces of X are exactly  p! = p, where p ranges over
all nonzero polynomials. More generally, we have the following algebraic
reduction theorem for ﬁnite co-dimensional quasi-invariant subspaces of X.
Its proof is similar to that for the Fock space [GZh]. We review it here for
the reader’s convenience.
Theorem 3.2. Let M be a quasi-invariant subspace of ﬁnite codimension.
Then M ∩  is an ideal of , and M ∩  is dense in M . Furthermore, the
canonical map
τ /M ∩ → X/M
is an isomorphism, where τp+M ∩ = p+M . Conversely, if I = p is an
ideal in , then p is a quasi-invariant subspace, and  p! = p,  p! ∩ = I.
Proof. Clearly, M ∩ is an ideal of  because M is quasi-invariant. Let
p be a polynomial such that p =M ∩. Note the map τ is injective, and
hence the codimension, degp, of the ideal p is less than dim X/M .
We express  as  = p +˙, where R is a linear space of polynomials
with dimR = degp. Since the polynomial ring  is dense in X and p +R
is closed in X, we have that
p + R = X
It is easy to see that
p ∩ R = 	0

So,
X/p = p + R/p ∼= R/p ∩ R
= R/	0
 = R
∼= /p
Since p ⊆M , we see that
dimX/M ≤ dimX/p
and hence
dimX/M ≤ dim/p = dim/M ∩ 
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This gives that
dim/M ∩  = dimX/M
So, the map τ is an isomorphism. Moreover, by the equality
dimX/p = dimX/M
one sees that M ∩  is dense in M .
Conversely, let I = p be an ideal in . If f ∈ p, and zf ∈ X, we
claim that zf ∈ p. In fact, as in the preceding proof, we can express
X as X = p +˙R, where R is a ﬁnite-dimensional subspace consisting of
polynomials. Now decompose zf = g + q; here g ∈ p and q ∈ R. Since
both zf and g are divided by p q is divided by p, and hence q ∈ p. This
implies that q = 0, and thus the claim follows. This means that p is quasi-
invariant, and clearly  p! = p. From the preceding part, we note that
 p! ∩  is an ideal with the same codimension as  p!, and  p! ∩  ⊇ p.
We deduce
 p! ∩  = p
The proof is completed.
Let M1 and M2 be two quasi-invariant subspaces and A M1 → M2 a
bounded linear operator. We say that A is a quasi-module map if zf ∈M1
(here f ∈ M1); then Azf  = zAf . We say that M1 and M2 are similar
if there exists an invertible quasi-module map A M1 → M2 such that its
inverse A−1 M2 →M1 is also a quasi-module map. If both A and A−1 are
unitary quasi-module maps, we say thatM1 andM2 are unitarily equivalent.
It is easy to check that similarity (unitary equivalence) is an equivalence
relation in the category of all quasi-invariant subspaces.
Theorem 3.3. Let M be quasi-invariant. If M is similar to a ﬁnite codi-
mensional quasi-invariant subspace  p!, then there is a polynomial q with
deg q = degp such that M =  q!.
Proof. Let A  p! → M be a similarity. Set q = Ap. Since p generates
 p!, q generates M; that is, M =  q!. Let Kpλ and Kqλ be reproducing
kernels of  p! and  q! respectively. Since A  p! →  q! is a similarity, it is
easy to verify that for any h ∈  p!,
Ah = q
p
h
So, we have 〈
AhK
q
λ
〉
= qλ
pλhλ
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for each λ ∈ Zp, where Zp is the set of all zeros of p. Since∣∣∣〈AhKqλ 〉∣∣∣ ≤ AhKqλ 
this implies that
qλ
pλ suph∈ p! h=1
hλ ≤ AKqλ 
By
Kpλ  = sup
h∈ p! h=1
hλ
we thus obtain
qλ
pλK
q
λ  ≤ AKqλ 
Since  p! is of ﬁnite codimension, applying Corollary 2.2 gives that
lim
λ→∞
Kpλ 
Kλ
= 1
By the inequality
Kqλ  ≤ Kλ
there exist positive constants r and M such that
qλ
pλ ≤M
if λ ≥ r. From Proposition 2.5, there exist polynomials p1 and p2 with
degp1 ≤ degp2 such that
q
p
= p1
p2
and hence q = pp1/p2. Because q is an entire function, q is a polynomial
and deg q ≤ degp.
Note that A−1  q! →  p! is also a similarity. The same reasoning shows
that degp ≤ deg q. It follows that degp = deg q.
The next example shows that there are analytic Hilbert spaces over 
such that degp = deg q, but  p! and  q! are not similar.
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Example 3.4. Let H be the analytic Hilbert space given in Example
2.7. We claim that  z2! and  z2 + z! are not similar. Assume that they are
similar, and let A  z2! →  z2 + z! be a similarity. Then by the proof of
Theorem 3.3 there exists a constant γ such that
Az2 = γz2 + z
So, for any natural number m we have
Az2z2m = γz2mz2 + z = γz2m+2 + z2m+1
From the equalities
z2m+2 = z2m+12 = 2m!+ 2m+ 1! and z2m+22 = 2m!
we see that
γ22m!+ 2m+ 1! ≤ A22m!
for any natural number m. This clearly is impossible, and hence  z2! and
 z2 + z! are not similar.
Corollary 3.5. Let X be an analytic Hilbert space over . If a quasi-
invariant subspace M is similar to X, then M = X.
Remark 3.6. From Corollary 3.5, one sees that the structure of analytic
Hilbert spaces over the complex plane is completely different from that
of analytic Hilbert spaces over bounded domains. For example, for any
two invariant subspaces of the Bergman space over the unit disk of ﬁnite
codimension, they are necessarily similar.
Corollary 3.7. Let X be an ordered analytic Hilbert space. Then ﬁnite
codimensional quasi-invariant subspaces  p! and  q! are similar if and only if
degp = deg q.
Proof. Let degp = deg q. For f ∈  p!, it is easy to see that f/p is an
entire function, and hence q
p
f is an entire function. Since degp = deg q, we
have q
p
f  f , and hence by deﬁnition q
p
f is in X for each f ∈  p!. So we
can deﬁne an operator A  p! → X by Af = q
p
f for f ∈  p!. By a simple
application of the closed graph theorem, the operator A is bounded. Since
A maps p onto q, this implies that A maps  p! to  q!. So, A  p! →  q!
is a bounded operator. Clearly, Azf  = zAf  if zf ∈  p! (here f ∈  p!).
Similarly, we can show that the operator B  q! →  p! deﬁned by Bf = p
q
f
for f ∈  q! is bounded. It is easy to see that AB and BA are the identity
operators on  q! and  p! respectively. We thus conclude that  p! and  q!
are similar if degp = deg q.
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4. UNITARY EQUIVALENCE OF
QUASI-INVARIANT SUBSPACES
For two ﬁnite codimensional quasi-invariant subspaces of the Fock space
L2a, Guo and Zheng showing [GZh] that they are unitarily equivalent
only if they are equal. Below, we show that the same result is true for an
analytic Hilbert space X over  with the orthonormal basis 	zn/zn
.
Theorem 4.1. Let X be an analytic Hilbert space over  with the
orthonormal basis 	zn/zn
. Then ﬁnite codimensional quasi-invariant sub-
spaces  p! and  q! are unitarily equivalent only if p = cq for some nonzero
constant c, and hence only if  p! =  q!.
Before proving the theorem, let us note that if A  p! =  q! is a unitary
equivalence, then the proof of Theorem 3.3 implies that there is a constant
γ such that Ap = γq and degp = deg q. In what follows we always
assume that Ap = q if A  p! →  q! is a unitary equivalence. To prove
the theorem, we need two lemmas.
Lemma 4.2. Let p = ∑lk=0 alzl and q = ∑lk=0 blzl, and let both al and
bl be nonzero. If A  p! →  q! is a unitary equivalence and Ap = q, then
al = bl.
Proof. Let Kpλ and K
q
λ be reproducing kernels of  p! and  q! respec-
tively. Since A  p! →  q! is a unitary equivalence, it is easy to verify that
for any h ∈  p!,
Ah = q
p
h
So, we have 〈
AhK
q
λ
〉
= qλ
pλhλ
for each λ ∈ Zp. Since∣∣∣〈AhKqλ 〉∣∣∣ ≤ hKqλ 
this implies
qλ
pλ suph∈ p! h=1
hλ ≤ Kqλ 
By
Kpλ  = sup
h∈ p! h=1
hλ
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we thus obtain
qλ
pλK
q
λ  ≤ Kqλ 
So,
qλ
pλ ≤
Kqλ 
Kpλ 

Note that A  p! →  q! is a unitary equivalence of quasi-invariant sub-
spaces. Based on the same reasoning, the following holds:
pλ
qλ ≤
Kpλ 
Kqλ 

This gives that
pλ
qλ =
Kpλ 
Kqλ 

for λ ∈ Zq. Since both  p! and [q] are of ﬁnite codimension, applying
Corollary 2.2 gives that
lim
λ→∞
pλ
qλ = limλ→∞
Kpλ 
Kqλ 
= 1
By the equality
lim
λ→∞
pλ
qλ =
al
bl

we see that al = bl.
Lemma 4.3. For each ﬁxed natural numberm, the sequence 	zn+m/zn

has a subsequence 	znk+m/znk
 such that
lim
k→∞
znk+m
znk = ∞
Proof. Assume that there exists a constant γ such that
zn+m/zn ≤ γ
for all n. Let n = knm + sn, where sn is a nonnegative integer such that
0 ≤ sn < m. This implies that
zn ≤ γkn max	1 z     zm

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for all n, and hence n
√zn ≤ 2γ if n is large enough. However, by Exam-
ple 2.3,
lim
n→∞
n
√
zn = ∞
This contradiction says that there exists a subsequence 	znk+m/znk
 such
that
lim
k→∞
znk+m
znk = ∞
Proof of Theorem 41 By Lemma 4.2, we may assume that
p = zl + al−1zl−1 + · · · + a0 q = zl + bl−1zl−1 + · · · + b0
and Ap = q. Since A is a unitary equivalence of quasi-invariant sub-
spaces, we have
pzmpzn = qzm qzn
for any nonnegative integers mn. Let s1 s2 be the nonnegative integers
such that
as1 = 0 at = 0 t < s1 and bs2 = 0 bt = 0 t < s2
We claim that s1 = s2 and as1 = bs2 . In fact, since〈
p zl−s1p
〉 = as1zl2
and 〈
q zl−s1q
〉 = bs1zl2 + bl−1bs1−1zl−12 + · · · 
we see that s2 ≤ s1. The same reasoning implies that s1 ≤ s2 and hence
s1 = s2. Set s = s1 = s2. Since〈
p zl−sp
〉 = %aszl2 and 〈q zl−sq〉 = %bszl2
this gives that as = bs. Now, by the equality〈
znp zn+l−s+1p
〉 = 〈znq zn+l−s+1q〉
we have that
as+1zn+l2 + al−1%aszn+l−12 = bs+1zn+l2 + bl−1%bszn+l−12
for any natural number n. If we divide the above equality by zn+l2, using
Lemma 4.3 gives that as+1 = bs+1 and hence also leads to the equality
al−1 = bl−1. Moreover, from the equality〈
znp zn+l−s+2p
〉 = 〈znq zn+l−s+2q〉
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we obtain that
as+2zn+l2 + al−1as+1zn+l−12 + al−2%aszn+l−22
= bs+2zn+l2 + bl−1bs+1zn+l−12 + bl−2%bszn+l−22
and hence
as+2zn+l2 + al−2%aszn+l−22 = bs+2zn+l2 + bl−2%bszn+l−22
for any natural number n. By dividing the above equality by zn+l2 and
applying Lemma 4.3, we get that as+2 = bs+2, and this also leads to the
equality al−2 = bl−2. By repeating the preceding process one gets that
a0 = b0 a1 = b1     al−1 = bl−1
and hence p = q. This completes the proof.
From Theorem 3.3 and Theorem 4.1, we immediately obtain the
following.
Corollary 4.4. Let X be an analytic Hilbert space over  with the
orthonormal basis 	zn/zn
, and let M be a quasi-invariant subspace of X.
If M is unitarily equivalent to [p] for some polynomial p, then M =  p!.
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